Resource-Constrained Heuristic for Max-SAT

Brian Matejek', Daniel Elenius', Cale Gentry?, David Stoker’, Adam Cobb!

'Computer Science Laboratory, SRI International
2 Advanced Technology and Systems Division, SRI International

Abstract

We propose a resource-constrained heuristic for instances
of Max-SAT that iteratively decomposes a larger problem
into smaller subcomponents that can be solved by optimized
solvers and hardware. The unconstrained outer loop main-
tains the state space of a given problem and selects a subset
of the SAT variables for optimization independent of previ-
ous calls. The resource-constrained inner loop maximizes the
number of satisfiable clauses in the “sub-SAT” problem. Our
outer loop is agnostic to the mechanisms of the inner loop, al-
lowing for the use of traditional solvers for the optimization
step. However, we can also transform the selected “sub-SAT”
problem into a quadratic unconstrained binary optimization
(QUBO) one and use specialized hardware for optimization.
In contrast to existing solutions that convert a SAT instance
into a QUBO one before decomposition, we choose a subset
of the SAT variables before QUBO optimization. We analyze
a set of variable selection methods, including a novel graph-
based method that exploits the structure of a given SAT in-
stance. The number of QUBO variables needed to encode a
(sub-)SAT problem varies, so we additionally learn a model
that predicts the size of sub-SAT problems that will fit a fixed-
size QUBO solver. We empirically demonstrate our results
on a set of randomly generated Max-SAT instances as well
as real world examples from the Max-SAT evaluation bench-
marks and outperform existing QUBO decomposer solutions.

Introduction

Max-SAT is an NP-Hard optimization problem that asks for
the maximum number of satisfiable clauses of a Boolean
formula written in conjunctive normal form (CNF) (Krentel
1986). For an N variable problem, this requires searching
over the space of 2V possible truth assignments. This gener-
alization of the satisfiability problem (SAT) has significant
applications in various sectors (Asin Achd and Nieuwen-
huis 2014; Fu and Malik 2006). Although there are a num-
ber of algorithms and commercial tools for exactly solv-
ing Max-SAT (Argelich and Manya 2006; De Moura and
Bjgrner 2008; Xing and Zhang 2005), these techniques can-
not scale to arbitrarily large problem instances. Therefore,
a significant amount of research has focused on incomplete
(or anytime) solvers that provide a solution without guar-
anteeing correctness. These algorithms generally fall into
two categories: local heuristics and global approximation
approaches. In this paper we focus on a local neighborhood

search heuristic (LNS) that continually optimizes small sub-
problems of the full SAT instance.

We propose a resource-constrained heuristic for Max-
SAT problems that operates in a two-tier framework. The
outer-loop iteratively selects a sub-selection of SAT vari-
ables and extracts a partial CNF formula. An inner-optimizer
proposes a variable assignment for the sub-problem. A com-
poser merges this solution with the global one to reduce
the energy of the current, global, variable assignment. Our
method is agnostic to the mechanisms of both the selec-
tor and optimizer, allowing us to use specialized hardware
as our optimizer. Our approach contrasts with existing so-
lutions that first reformulate a SAT instance into a QUBO
problem before decomposition, optimization, and composi-
tion. We devise a novel graph-based selection method for
choosing small sub-SAT instances. Since our framework is
agnostic to the inner-optimizer, we show results using exact
and anytime optimizers. Additionally, we can convert our
sub-SAT instances into QUBO problems and use existing
solvers with constrained, but optimized, hardware. Selecting
variables in the SAT space before producing a QUBO out-
performs existing strategies that convert a SAT problem into
a QUBO one before decomposition. We demonstrate our re-
sults on a series of random Max-SAT instances, as well as
examples from the Max-SAT 2016 challenge benchmark.

Background and Notation

A propositional logic formula or Boolean expression in con-
junctive normal form (CNF) contains a series of L clauses
each comprised of a (sub)set of IV literals. In each clause,
we define each variable as either a positive or negative lit-
eral, depending on the inclusion of a negation sign for a
given literal. Each clause is a disjunction of the variables
and a given formula is a conjunction of all clauses. A CNF
is satisfiable if some assignment of true or false for each
variable satisfies each clause. Max-SAT seeks to find an as-
signment that satisfies the maximum number of clauses over
all possible assignments. For both k-SAT and Max-kSAT the
problems constrain the number of variables per clause < k.
We use the following notation for a given Max-SAT instance
with N variables and L clauses. Clauses and variables are
uniquely labeled cy, ..., ¢, ...,cp and 21, ..., x4, ..., TN, TE-
spectively. A clause ¢; contains k£ > 1 positive or negative
literals x;, x;, ... with a negation sign, —, indicating a neg-



ative literal. For this work, we have focused on 3-SAT in-
stances, although the methodology extends to larger values
of k. At a given timestamp, the state of a SAT instance refers
to the current assignment of true or false values to each vari-
able. The energy of a given state indicates the number of
unsatisfied clauses under that assignment. A state with zero
energy satisfied the k-SAT instance. The goal of Max-SAT is
to find the state corresponding to the lowest possible energy
given a Boolean formula.

Complete, or exact, solvers for Max-SAT guarantee a cor-
rect solution. Traditionally, Max-SAT incomplete solvers
have fallen into two categories: local heuristics and global
approximation algorithms. Local heuristics such as Walk-
SAT (Selman, Kautz, and Cohen 1993) have the advantage
of being quick exploration mechanisms but may get caught
in a local minima and thus have no guarantees on correct-
ness. Various strategies such as simulated annealing and ran-
dom restarts can allow these local algorithms to jump out of
local minima and better explore the problem space (Hoos
and Stiitzle 2000; Spears 1993). The G-SAT algorithm iter-
atively flips the truth assignment of the literal that reduces
the energy most of the SAT instance (Selman, Mitchell, and
Leveque 1992). Approximation algorithms often convert the
Max-SAT instance into an integer linear program and use
linear programming to solve a relaxed version of the prob-
lem (Karloff and Zwick 1997; Sinjorgo and Sotirov 2023),
requiring more resources but sometimes guaranteeing prox-
imity to the optimal solution.

As a middle ground, partition strategies typically separate
clauses into groups at the start of the solving process (Mor-
gado et al. 2013). These strategies then hierarchically merge
together a small subset of partitions to gradually construct a
globally optimal solution that satisfies the maximum number
of clauses. Orvalho et al. propose UpMax, a method that de-
couples the partitioning process from the MaxSAT solver al-
lowing a user to manually partition soft clauses based on do-
main knowledge of the problem (Orvalho, Manquinho, and
Martins 2023). Our method most closely resembles existing
work in “Large Neighborhood Search” (Shaw 1998; Hickey
and Bacchus 2022). These solutions repeatedly take a small
sub-section of a larger problem for optimization, typically
calling an exact solver. We differ from these methods by
allowing for arbitrary inner-optimizers, including ones that
transform the selected neighborhood into a QUBO optimiza-
tion problem.

Tangentially, exact SAT solvers for quantum (Alasow, Jin,
and Perkowski 2022) and analog computers offer promise
of fast solutions on small instances that can fit on the hard-
ware (Molnar et al. 2018). However, these methods cannot
scale to the larger problem instances until the underlying
circuitry does. As a solution, D-Wave proposes Qbsolv
which first converts a SAT instance into a QUBO matrix op-
timization formulation (Booth, Reinhardt, and Roy 2017).
An outer-loop algorithm selects a sub-matrix from the full
QUBO (a sub-QUBO), and optimizes the sub-QUBO using
the available hardware. It then composes the solution on the
sub-QUBO back into the full QUBO solution space. Con-
verting a k-SAT problem into a QUBO one requires auxil-
iary variables for k > 2 (i.e., the number of QUBO variables

will exceed the number of SAT literals). In the worst case,
a 3-SAT conversion will generate N + L QUBO variables
where N and L are the number of SAT literals and clauses,
respectively (Chancellor et al. 2016). We directly compare
to this sub-QUBO approach and show that sub-selection of
the SAT variables prior to the QUBO conversion and inner-
optimization step leads to better performance.

Methodology

We propose a two component heuristic for optimizing Max-
SAT instances, where the optimization routine is constrained
in the number of variables it can handle. In particular, our al-
gorithm contains an outer-loop and an inner-optimizer. The
inner-optimizer is constrained by the number of variables
over which it can operate. Therefore the outer-loop is lim-
ited in the size of the sub-SAT it can pass to the inner-
optimizer. Note, by maximum sub-SAT size, we constrain
only the number of variables sent, M, not the number of
clauses.

During optimization, we find an assignment that min-
imizes the number of unsatisfied clauses in the sub-SAT
problem, independent of the rest of the full problem space.
During decomposition, we enforce any constraints imposed
by the inner-optimizer such as QUBO size or sub-SAT size.
The outer-loop is agnostic to the internal mechanisms of
the inner-optimizer, allowing us to use exact, anytime,
or QUBO solvers as the inner-optimizer. After the inner-
optimizer concludes, a composer updates the global solu-
tion with the optimized variables. We provide pseudocode
for various components of our algorithm in the supplemen-
tary material.

Decomposer

We propose four different methods for selecting M variables
from a 3-SAT instance: random, energy-based, softmax, and
graph-based. In each instance, the method takes as input the
current state of the Max-SAT problem and the number of
SAT variables, M, to return.

Random Selector. The random selector returns M ran-
dom SAT variables regardless of the state or structure of the
CNF instance. This simple selector allows one to explore the
state space without existing bias, which can help break out
of local minima.

Energy Selector. The energy-based selector identifies the
variables that produce the largest delta between the two
possible assignments, assuming all other variables remain
frozen. That is, we look at the current energy of an as-
signment versus the energy when switching each variable
independently. We can order these differences to create a
ranking of the variables that would improve the energy the
most if switched. We select the M variables that provide
the most improvement in energy. These variables, when
switched independently, provided the largest increase in sat-
isfied clauses. Note, the energy selector is similar to the in-
ner loop of GSAT (Selman, Mitchell, and Leveque 1992).
However, as opposed to selecting one variable for flipping,
we select M variables for optimization. This is also the ap-
proach that is used by Qbsolv.
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Figure 1: We construct a weighted bipartite graph from any
k-SAT instance. Each of the NV variables and L clauses re-
ceives a single node in the graph. We add an edge between
nodes z; and ¢; if clause ¢; contains variable x;.

Softmax Selector. The softmax selector is similar to prior
work of Hickey et al. on the Large Neighborhood Search
(LNS) method (Hickey and Bacchus 2022). The selector
first calculates the potential changes in energy when flip-
ping each variable. We then normalize the potential energy
changes into an array e using the softmax function. We then
sample M variables without replacement according to these
softmax probabilities.

Graph Selector. Our graph-based selector attempts to ex-
ploit the internal structure of the CNF instance by finding
sets of clauses that have a high overlap of variables. Further-
more, we identify the variable/clause pairs that have a high
degree of unsatisfiability (i.e., the unsatisfied clauses in the
current state). We model any k-SAT instance as a weighted
bipartite graph (Figure 1). Our graphical model matches
the Clause Variable-Incidence Graph common in the liter-
ature (Ansétegui, Girdldez-Cru, and Levy 2012), with some
changes to the edge weighting scheme.

We construct a graph with L 4 N nodes with one node for
each clause and variable. We do not differentiate between
positive and negative literals of the same variable. For every
variable x; in clause ¢; we add an edge between the cor-
responding nodes labeled x; and c¢;. The number of edges
has an upper bound of kL, with fewer edges if some clauses
have fewer than k literals. For simplicity, we define the set
of vertices in the graph as V' € v;...v54 N, and the set of
edges as £ € (v;,v;).

We apply weights to the edges based on the state of the
k-SAT instance. We look at every clause and determine the
number of unsatisfied literals (i.e., a positive literal where
the variable is false, or a negative literal where the variable is
true). If there are n unsatisfied literals for a clause ¢;, we as-
sign an edge weight of f(n) to all edges adjacent to the node
¢i. f(x) = R is a real-valued function that takes an integer
and produces an edge weight. We only consider functions f
that are monotonically increasing so that clauses with more
unsatisfied literals have adjacent edges with higher values.

After graph construction, we run an iterative algorithm to
find a subset of variable nodes and clauses that have a high
average weighted degree. Our goal is to identify subgraphs
(clusters of nodes and clauses) where there is a high-level of
overlap between the nodes in clauses and the clauses are un-
satisfiable. We begin by selecting n variable nodes and add
them to a set of “in” nodes. The “in” nodes, and the edges
that connect them, will comprise our current subgraph. Note,
our first subgraph will not contain any edges since we select

only variables nodes and our graph is bipartite. We construct
two sets: Z and O, representing the nodes that are “in” the
current subgraph and those that are “out” of the current sub-
graph. A vertex is either in Z or O, and Z U O = V and
Z N O = (). For each vertex v;, we define the “connectivity”

function:
C(Ui) = Z wij ( 1)

v; €L, (viv;)EE

The connectivity function measures the sum of edge weights
between the vertex v; and its neighbors in Z.

During each iteration of the algorithm, we select the ver-
tex v; € O with the maximum c(v;) value and the vertex
v; € Z with the minimum c(v;) value. We swap v; and v;
into the opposite set and update all ¢ values for the other
vertices. At the first iteration, we will remove a vertex cor-
responding to a variable with one corresponding to a clause.
However, we want to maintain the number of variable ver-
tices in the set Z for our sub-SAT selector. Thus, if the num-
ber of variable nodes ever drops below our target size, we
add the variable vertex in O with the highest ¢ value to Z.
Conversely, if the number of variable nodes exceeds our tar-
get size, we remove the variable vertex with the lowest ¢
value in Z.

Clause Pruning

At this point, we have selected the dynamic (M) and frozen
(N — M) variables. Any clause that does not contain any
dynamic variables can be removed from the sub-SAT in-
stance since its state cannot change. Furthermore, since the
assignment of the frozen variables cannot change in the
inner-optimizer, certain clauses may remain satisfied de-
spite changes to the dynamic variables. For example, if ¢
is x; V —x; V xy, and x; is frozen as false, ¢; will remain
satisfied regardless of changes to z; and xj. Therefore, we
can exclude this clause from the inner loop. We can also
use the frozen variables to reduce the number of literals per
clause, which is significant when we introduce inner QUBO
optimizers, since clauses with & < 2 can be directly rep-
resented in QUBO problems without the need for additional
variables. This is a significant strength of our approach when
reducing to QUBO after the decomposer.

Inner-Optimizer

The outer-loop mechanism for selecting a subset of SAT
variables is only constrained by the number of variables that
can be operated on by the inner-optimizer. For this work, we
have focused on three inner-optimizer algorithms, including
traditional SAT solvers and QUBO optimizers. The QUBO
optimizers come with the additional challenge of the trans-
lation to QUBO. Therefore, for QUBO, the constraint on
the number of variables corresponds to the QUBO size @),
which presents itself as a challenge, since the decomposer
provides an M. We overcome this using a cheap linear re-
gression model in a novel way.

SAT Solvers. We use two optimizers in this work: z3, an
exact solver (De Moura and Bjgrner 2008), and Walk-SAT,
a local heuristic (Selman, Kautz, and Cohen 1993).



QUBO Optimizers. The motivation for converting to
QUBO problems comes from significant research focused
on specialized hardware specifically designed to QUBO
problems (Booth, Reinhardt, and Roy 2017; Date et al. 2019;
Kalinin et al. 2023). Such hardware comes with physical
constraints on the number of variables can fit on the hard-
ware. However, their performance power can still be lever-
aged if we can ensure the problems are small enough. The
challenge of incorporating a QUBO optimizer within our op-
timization loop comes from the need to translate from the M
variable sub-SAT problem to a () variable QUBO problem.
The direct mapping from a 3-SAT problem formulation to
a QUBO problem uses the following construction to define
the energy ®(z):

L

E (i1 + T2 + Tiz — Ti1Ti2 — Ti1T43 — TioT43 + Ti1Ti2243)
i=1

where L is the number of clauses. This pseudo-Boolean
function contains a cubic term that we can remove by
adding an extra variable w; € {0,1} per clause such that
X1 %4003 = MaXy, wi(Ti + e + 243 — 2). Thus, we de-
fine the energy ®(x):

L
E (14w;) (zi1+Tio+Ti3) — i1 Tio — T41Ti3 — Ti2 T3 — 2W;

=1

If ;1, x;0, and x;3 all evaluate to true, w; = 1; if two of the
three literals evaluate to true, w; can be 0 or 1; if one of the
three literals evaluate to true, w; = 0; if none of the literals
evaluate to true, w; = 0. One can check that the expres-
sion for each clause thus evaluates to 1 if the clause is satis-
fied, and O otherwise. As a result, an /V variable, L clause 3-
SAT problem would generate a QUBO problem with N + L
variables QUBO problem using this default formulation. For
converting clauses with k¥ < 3, we can remove the auxiliary
cubic terms. For clauses with £ > 3, we can first convert to
3-SAT before QUBO conversion.

A significant amount of optimization has focused on re-
ducing the number of auxilary variables needed when con-
verting a SAT problem into a QUBO one (Zaman, Tana-
hashi, and Tanaka 2021), and the methods for generating
those variables (Niillein et al. 2023; Chancellor et al. 2016).
For our work, we focus on methods from Chancellor et
al. (Chancellor et al. 2016) and NiiBlein et al. (Niillein et al.
2023). Since we call the QUBO conversion method for each
iteration of the outer-loop, we prioritized speed over a reduc-
tion in auxiliary variables. This speed tradeoff is less critical
in existing strategies that convert a full SAT instance into a
QUBO formulation exactly once.

Learned Variable Mapping. Going back to the challenge
of translating from the M variable sub-SAT problem to the
@ variable QUBO problem, we need a way to impose the
@ constraint on the outer-loop. Our interesting solution is to
use a simple linear regression model that takes five inputs to
generate a candidate M . These inputs include the final max-
imum QUBO size, @), the maximum number of literals in
any clause, the total number of literals in the CNF, N, and
L. To account for when the linear regression model predicts

an M that leads to a @ too large for the optimizer, we in-
clude a binary search as a backup. Therefore, we perform a
binary search as well to identify the optimal number of SAT
variables M given the QUBO matrix constraint (). We first
use our learned predictor to determine a preliminary M. If
converting the returned sub-SAT instance results in a QUBO
matrix that exceeds the hardware constraints, we perform a
binary search to identify the optimal AM™ that produces a
QUBO matrix within the hardware constraints. If we could
have fit a larger QUBO matrix on the hardware, we increase
the value of M for the next call to the optimizer. If we ex-
ceed the value of (), we reduce the value of M before calling
the inner-optimizer. The function from M — (@ is stochastic
and depends on the variables returned by the selector. Thus,
we continually check to confirm that the QUBO produced
with a sub-SAT selection of M variables fit within the con-
straints of the optimizer.

Tabu Search. The specific algorithm that we use to op-
timize the QUBO problems in this paper is Tabu search
(Palubeckis 2004). Tabu search iteratively chooses variables
to flip. Once the algorithm chooses a variable for flipping,
it stores the variable for a set number of iterations in the
tabu list. Variables on this list cannot change for a set num-
ber of iterations. There are many variants of Tabu search;
for our work we use the implementation provided by D-
Wave’s Qbsolv (Booth, Reinhardt, and Roy 2017). Finally,
we convert from the solution in the QUBO space to the SAT
space.

Composer

During the composition step, we update the assignment of
the dynamic variables based on the output from our inner-
optimizer. By decoupling the sub-SAT selection method
from the solver, we avoid the issues with rectifying multi-
ple disjoint solutions into a coherent best choice.

Early Stopping

After each iteration of the outer-loop, we calculate the en-
ergy of the current state of the solution. If the energy doesn’t
improve after conv number of iterations, we terminate the
process. Otherwise, we terminate after max_iters number
of calls to the inner-optimizer. We find that some selectors,
such as Energy and Softmax, require fewer iterations to con-
verge to a local minima. Other selectors, such as the Ran-
dom and Graph approaches, generally reach better minima
but only after more iterations.

Experimental Setup

Datasets. We demonstrate our results on a range of SAT
instances. We make our data and code publicly available.!
We construct a set of random datasets with 100, 200, and
500 variables and clause to variable ratios of 4.00, 4.25, and
4.50. These three ratios correspond to satisfiable, a mix, and
unsatisfiable random instances. We use the randkcn £ for-
mula from the CNFgen toolkit to generate these random 3-
SAT instances (Lauria et al. 2017). We consider a subse-

'See supplementary materials.



lection of the handcrafted Max-Cut instances from the Max-
SAT 2016 challenge (unweighted benchmark)?. These 1,417
CNF instances range from 150 and 220 variables, and be-
tween 1,200 and 1,600 clauses. We evaluate our methods
with three different inner-optimization strategies.

Baselines. We primarily compare our results against ex-
isting sub-QUBO methods that first convert a SAT instance
to a QUBO one before decomposition into the QUBO space.
These methods most closely follow the resource-constrained
environment that minimizes the size of the QUBO matrix
before optimization. For the decomposition in QUBO space,
we use an energy and random-based approach. The energy
selector chooses the QUBO variables that, when switched,
increases the energy most (N.B., the energy function for
a QUBO increases with satisfied clauses). We add a small
amount of noise (O(179)) to the energy values to intro-
duce randomness when selecting variables with identical en-
ergy deltas. The random selector simply chooses M arbi-
trary variables.

We also show results against three unconstrained solving
methods. First, we convert a full SAT instance into a QUBO
matrix and use the D-Wave implementation of Tabu search
to optimize the matrix?. Second, we compare against Walk-
SAT, a local heuristic that selects a random variable with
probability p, otherwise chooses a variable that optimizes
a specific function (Selman, Kautz, and Cohen 1993). We
use the following functions for Walk-SAT: energy: pick the
variable which maximizes energy improvement; make: pick
the variable which maximizes the number of clauses that go
from satisfiable to unsatisfiable; and break: pick the vari-
able which minimizes the number of clauses that go from
unsatisfiable to satisfiable. Lastly, we use the exact solver
z3* (De Moura and Bjgrner 2008). z3 is more computa-
tionally intensive than our other unconstainted solvers, so
we only include a subset of the results. However, since the
solver is complete, this serves as ground truth.

Parameter Settings. We run experiments with M = 10,
25, 50, 75, 100, 150, 200, 250, 500, 750, 100, 1500, 2000,
and 2500. When using Walk-SAT as an inner-optimizer, we
use the break selection mechanism with 20 % M number of
inner iterations. We use 100,000 iterations from the three
Walk-SAT unconstrained solvers. All QUBO conversions,
whether on a full or sub- SAT instance use an “N + L~
conversion method (Chancellor et al. 2016). max _iters and
conv are set to 1,000 and 20, respectively.

Results

Table 1 shows the results for the outer-loop selectors, inner-
optimizers, and resource constraints on our nine randomly
generated datasets. We also provide results for a sub-QUBO
approach (i.e., one that decomposes in the QUBO space), as
well as results from unconstrained solvers. We choose a se-
lect few values of M for our tables but provide the complete
results in the supplementary material. Our sub-SAT method

Zhttp://maxsat.ia.udl.cat/benchmarks/
3https://docs.ocean.dwavesys.com/en/stable/docs_hybrid/
*https://github.com/Z3Prover/z3

often outperforms the sub-QUBO methods given the same
hardware constraints, M, regardless of selector type. We
note that when M < N + L, the energy selector for sub-
QUBO performs poorly. Most QUBO variables have simi-
lar potential energy changes, so when M is too small, the
algorithm cannot explore the problem space enough. Unsur-
prisingly, the unconstrained solvers in the SAT space (Walk-
SAT and z3) perform well, although the exact solver z3 did
not finish on larger instances. Perhaps more surprisingly, our
sub-SAT method outperforms a full QUBO solution on sev-
eral different parameter configurations.

We ran our framework on a subset of the crafted Max-Cut
problems from the 2016 Max-SAT challenge. We evaluated
all selectors with our sub-SAT approach. Full results appear
in the supplementary materials. We use M = 150, M = 50,
and Q = 200 for the Walk-Sat, z3, and QUBO + Tabu inner
optimizers constraints. We found that the time to run z3 with
M = 100 far exceeded the trials from the random dataset.
We find this unsurprising as the hand-crafted instances are
designed to be difficult for exact solvers. The QUBO + Tabu,
z3, and Walk-SAT inner-optimizers achieve average ener-
gies of 232.22, 301.06, and 335.21, respectively.

In Figure 2, we present three plots on the largest dataset
each for our various parameters: outer-loop selector, inner-
optimizer, and hardware constraint. The top plot shows how
both energy and softmax selectors tend to outperform in
terms of Max-SAT. The middle plot compares the three in-
ner optimizers, while the bottom plot shows how the perfor-
mance changes as we increase the constraint M (using z3
as the inner-optimizer). We see the expected behavior that
we get increased Max-SAT performance with increasing M.
We now go into a detailed comparison of the components of
our approach:

Outer-Loop Selectors. The energy selector requires the
fewest iterations of the inner-optimizers across all configu-
rations (Table 2). It converges sharply to the local minima
before plateauing quickly (Figure 2, top). There is less vari-
ation between the graph, random, and softmax, in terms of
iterations required. However, the computational complexity
of energy and softmax far exceeds that of graph and random,
leading to significantly more time required despite the fewer
calls to the inner loop. Overall, the energy and softmax se-
lectors produce better final energy levels than the random
and graph-based approaches (Table 1). In the three inner-
optimizer configurations over the nine datasets, energy pro-
duces the best assignment fourteen times, softmax twelve
times, and random once.

Inner-Optimizers. Comparing the results between inner-
optimizers is challenging since the hardware constraints
carry different meanings in some instances. For example,
with Walk-SAT as an optimizer, M constrains the num-
ber of variables in the sub-SAT instance. In contrast with
a QUBO conversion, () constrains the number of variables
plus clauses in the sub-SAT instance. Thus, M = 250 al-
lows for a significantly larger sub-problem of the CNF for
Walk-SAT and z3 than for QUBO + Tabu. Furthermore, the
computational costs of z3 make it intractable to use large
values of M. However, we still show a comparison of the



100v 200v 500v
400c 425¢ 450c | 800c 850c  900c | 2000c 2125¢ 2250c
Selector Inner-Optimizer M/Q Sub-SAT
Energy Walk-SAT 75 030 0.83 1.63 | 2.19 3.15 5.08 8.43 11.81 16.39
Energy Walk-SAT 150 0.27 1.33 3.24 4.81 8.29 12.44
Energy Walk-SAT 250 2.27 5.63 9.33
Graph Walk-SAT 75 0.57 1.02 232 | 3.30 5.95 9.20 30.23 43.30 56.17
Graph Walk-SAT 150 1.03 2.28 4.58 12.27 20.77 30.25
Graph Walk-SAT 250 4.95 11.78 19.65
Random Walk-SAT 75 054 126 271 949 14.17 19.88 | 70.39 87.00 107.21
Random Walk-SAT 150 0.88 3.11 6.06 38.09 52.35 69.22
Random Walk-SAT 250 12.87 24.93 38.84
Softmax Walk-SAT 75 027 0.77 1.68 2.04 3.17 5.22 10.08 14.38 19.80
Softmax Walk-SAT 150 0.29 1.28 3.03 4.87 8.28 14.01
Softmax Walk-SAT 250 2.18 5.32 10.20
Energy z3 75 034 0.69 1.57 2.64 3.66 5.27 13.89 17.69 20.95
Energy 73 100 1.38 2.86 3.94 11.43 14.20 17.86
Graph z3 75 0.61 1.13 204 | 226 3.88 5.28 11.60 18.14 24.43
Graph 73 100 1.77 297 5.13 8.93 14.01 18.69
Random z3 75 057 096 1.79 3.04 4.84 6.99 29.88 40.61 52.12
Random 73 100 2.44 343 5.22 19.61 28.07 35.51
Softmax z3 75 038 070 149 2.48 349 4.78 9.89 14.52 18.37
Softmax 73 100 1.58 2.67 4.19 8.32 11.39 15.66
Energy QUBO + Tabu 150 | 093 1.72 248 | 2.78 4.03 5.70 7.89 11.53 15.94
Energy QUBO + Tabu 200 136 1.89 2.89 3.10 4.69 5.96 8.01 10.78 15.88
Graph QUBO + Tabu 150 1.33 211 3.3 4.01 9.68 8.28 15.00 30.19 34.74
Graph QUBO + Tabu 200 | 2.11 288 412 | 4.40 6.74 8.72 42.74 22.10 29.87
Random QUBO + Tabu 150 1.99 288 4.04 | 592 8.62 1222 | 46.09 59.57 79.05
Random QUBO + Tabu 200 | 355 416 564 | 783 2582 13.57 | 33.25 45.80 60.80
Softmax QUBO + Tabu 150 1.14 1539 2.68 2.79 4.19 5.59 9.83 13.26 18.93
Softmax QUBO + Tabu 200 140 257 3.8 3.96 5.30 7.31 10.38 13.07 16.98
Selector Inner-Optimizer. Q Sub-QUBO
Energy QUBO + Tabu 250 | 594 7.69 9.38 | 26.37 3437 4236 | 190.29 19594 204.13
Energy QUBO + Tabu 500 1.66 2.56 | 11.12 1437 1797 | 182.53 201.04 218.24
Random QUBO + Tabu 250 | 425 559 7.54 | 1570 18.75 22.54 | 55.60 65.71 76.03
Random QUBO + Tabu 500 .75 278 | 7.60 10.23 1345 | 37.78 47.23 57.56
Method Unconstrained Solvers
QUBO + Tabu 1.70 233 367 | 468 1150 11.56 | 38.47 32.55 57.22
Walk-SAT Break 0.09 046 1.20 | 0.03 0.61 2.06 0.01 1.35 5.44
Walk-SAT Energy 0.10 046 1.21 0.07 0.76 2.04 0.18 1.93 5.03
Walk-SAT Make 0.17 052 132 | 037 1.55 3.99 2.80 10.75 20.43
z3 0.09 045 1.20 | 0.01 0.58

Table 1: Results for the sub-SAT decomposition algorithm compared to QUBO decomposition and full solvers. We outperform
approcahes that decompose in the QUBO space, as well as a full QUBO solver. Blank spaces represent trials where the hardware
constraint exceeds the problem size. We bold optimal values per column per section.

best methods using each inner-optimizer for our largest ran-
dom datasest (Figure 2, middle). We see that Walk-SAT per-
forms the best, followed by QUBO + Tabu, and then z3.

Hardware Constraint. Often, but not always, increasing
M or () decreases the final energy state (Figure 2, bottom).
The main exception to this rule has been when the inner-
optimizer converts the sub-SAT problem into a QUBO one

and optimizes in that space. We believe this is because op-
timizing large QUBO instances presents its own set of chal-
lenges. The SAT optimizers generally converge to good ap-
proximations relatively quickly, whereas the outputs from
the QUBO inner-optimizer are more random, and less likely
to represent a local minima in the SAT space. Table 1 shows
results from a select few values of M and (). We provide
a more comprehensive set of tables in the supplementary
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Figure 2: The energy and softmax selectors outperform the
graph and random ones (top). Each of the inner-optimizers
perform similarly well in their optimal configurations (mid-
dle). Our Max-SAT energies typically decrease as we reduce
the constraints on the inner-optimizer (bottom).

material. Empirically, we have found that with the QUBO
inner-optimizer, values of () between 150 and 200 outper-
form others. Interestingly, we did not find this to be the case
for the sub-QUBO methods.

Computational Costs

We present the total clock time required for each of the se-
lectors and inner-optimizers combinations in Table 2. We
accumulate results for M and @ sizes given a selector and
inner-optimizer. Note, not every selector and optimizer will
have the same number of solutions generated. For example,
we constrain M < 100 for z3 because of its high cost. Thus,
we have used z3 fewer times compared to Walk-SAT, as ev-
idenced by the “No. Runs” column.

Selector Optimizer No. Runs Max. Iters Time
Sub-SAT

Energy =~ Walk-SAT 5,400 102.65 8.51d

Graph Walk-SAT 5,400 126.94 345d

Random  Walk-SAT 5,400 115.98 2.59d

Softmax ~ Walk-SAT 5400 12800 10.67d
Energy 23 4.200 81.86  336d
Graph 23 4200 13557  0.67d

Random 23 4200  129.60  035d

Softmax 73 4200 12155  601d

Energy QUBO + Tabu 19,800 105.61 165.49d
Graph QUBO + Tabu 19,800 13532 53.13d
Random QUBO + Tabu 19,800 126.09  27.11d

Softmax QUBO + Tabu 19,800 123.44  205.19d
Sub-QUBO
Energy QUBO + Tabu 19,800 63.29 172.44 d

Random QUBO + Tabu 19,800 214.71 55.96d
Unconstrained Solvers

QUBO + Tabu 900 115.56 0.31d
Walk-SAT Break 900 100,000  0.40d
Walk-SAT Energy 900 100,000  0.21d
Walk-SAT Make 900 100,000  0.26d
z3 500 1.00 0.33d

Table 2: The energy and softmax selectors add a significant
amount of overhead to the overall running time.

The energy and softmax selectors require significantly
more computational overhead than the random and graph
selectors. The overall cost is slightly reduced as the selec-
tors tend to converge to their local minima at a faster rate.
However, the reduction in calls to the inner-optimizer gen-
erally does not compensate for the expensive matrix multi-
plication required to identify the best M candidates for se-
lection. Compared to random, energy selectors require on
average 1.66x fewer iterations, but took 4.07x more time.
Softmax is even more intensive as the number of iterations
is significantly more than the deterministic energy selector.
Furthermore, as the hardware for the optimizers continues to
improve and scale, the outer-loop begin to dominate the to-
tal running time, expanding the gap in performance between
energy/softmax and graph/random.

Conclusions

We propose a resource-constrained heuristic for Max-SAT
problems that decomposes the problem in the SAT space
before calling a optimized solver. We decouple the prob-
lem partitioning and sub-problem solving to enable greater
flexibility. We contrast with existing solutions that first re-
formulate a SAT instance into a QUBO problem before the
decomposition step. We outperform such existing strategies
on randomly generated instances of various variable and
clause size. Our method enables us to make sure of spe-
cialized hardware, such as quantum annealers, that offer sig-
nificant throughput when presented with small QUBO in-
stances. We demonstrate our results on a thousands of ran-
dom and crafted Max-SAT instances.
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